Abstract. We obtain deformations of a crossed product of a polynomial algebra with a group, under some conditions, from universal deformation formulas. These formulas arise from actions of Hopf algebras generated by automorphisms and skew derivations. They are universal in the sense that they apply to deform all algebras with such Hopf algebra actions, and we give one additional example.
Introduction
Deformations of a polynomial algebra, such as the Weyl algebra or functions on quantum affine space, may be expressed by formulas involving derivations of the polynomial algebra. These formulas are power series in an indeterminate with coefficients that may be considered to be elements of the universal enveloping algebra of the Lie algebra of derivations. There are generalizations of such deformations to other types of algebras, such as functions on a manifold or orbifold, that are of current interest.
In this note we give a new generalization of the formulas themselves, applying them to crossed products of polynomial algebras with groups of linear automorphisms. These group crossed products are of interest in geometry due to their relationship with corresponding orbifolds. Particular deformations of such crossed products, called graded Hecke algebras, were defined by Drinfel'd [3] . These deformations have been studied by many authors, for example for crossed products with real reflection groups, see [12] , with complex reflection groups, see [14] , and with symplectic reflection groups, see [4] . For these crossed product algebras, the universal enveloping algebra of the Lie algebra of derivations does not capture all the known deformations in the above sense, in contrast to the case of a polynomial algebra. Instead we derive a deformation formula from the action of a bialgebra or Hopf algebra under some hypotheses, using the techniques of Giaquinto and Zhang that we describe next.
Giaquinto and Zhang developed the general theory of a universal deformation formula based on a bialgebra B [6] , building on earlier such formulas based on universal enveloping algebras of Lie algebras. Such a formula is universal in the sense that it applies to any B-module algebra to yield a formal deformation. Known examples include formulas based on universal enveloping algebras of Lie algebras (see examples and references in [6] ) and a formula based on a small noncocommutative bialgebra [1, §6] . In Section 3 of this note, we generalize the formula of [1, Lemma 6.2] , developed for the group Z/2Z × Z/2Z, to all groups having certain types of central elements, and in particular to abelian groups. Our universal deformation formula is based on a bialgebra generated by automorphisms and skew derivations of a crossed product algebra, and depends on a parameter q. The bialgebra and formula were discovered in the generic case by Giaquinto and Zhang, but were not published. We state their formula and modify it to include the case where q is a root of unity, allowing us to consider crossed products with finite (as well as infinite) groups (Theorem 3.10). Our derivation of the formula is different from the approach in [1] , where we first computed Hochschild cohomology and then factored the resulting two-cocycles into products of skew derivations. In this note we simply give the formula and prove directly that it is correct, with no need to introduce the machinery of cohomology from which it was obtained.
We next apply the results of [15] to show how our deformation formula leads, in special cases, to (twisted) graded Hecke algebras. Due to restrictive hypotheses, our formula does not give rise to very many of the examples of (twisted) graded Hecke algebras in [3, 4, 12, 14, 15] . However it does give an infinite series of universal deformation formulas based on noncocommutative bialgebras, as well as algebras thereby undergoing nontrivial deformation. It also proves existence of more general deformations of certain crossed products than those that are the (twisted) graded Hecke algebras. At the end of Section 3, we give a different example of an algebra deformed by the same formula, namely a Taft algebra. This is one of a series of algebras defined by quiver and relations whose deformations were given by Cibils [2] . We apply one of our formulas to recover one of Cibils' deformations (Example 3.12).
In Section 4, we give two small examples for which our universal deformation formula essentially provides a universal deformation of the crossed product algebra in the other sense of the word universal, that is all possible (nonclassical) deformations of the algebra are parametrized by the formula. We conclude with more details on the structure of the bialgebras involved, briefly reviewing Kharchenko's construction of a Hopf algebra of automorphisms and skew derivations of an algebra [10, 11] .
We owe many thanks to A. Giaquinto and J. Zhang for sharing their unpublished formula with us. We especially thank A. Giaquinto from whom we learned algebraic deformation theory. We also thank R.-O. Buchweitz for explaining to us the relevant computation of Hochschild cohomology.
We will work over the complex numbers, although the definitions make sense more generally. Unless otherwise indicated, ⊗ = ⊗ C .
Definitions
Let S be a C-algebra. Denote by Aut C (S) the group of all C-algebra automorphisms of S that preserve the multiplicative identity. Let g, h ∈ Aut C (S). A g, h-skew derivation of S is a C-linear function D : S → S such that
for all r, s ∈ S. If g = h = 1 (the identity automorphism), then D is simply a derivation of S.
We will be interested in skew derivations of a crossed product algebra which we define next. Let G be any subgroup of Aut C (S). Let α : G × G → C × be a two-cocycle, that is a function satisfying
for all g, h, k ∈ G. The crossed product ring S# α G is S ⊗ CG as a vector space, with multiplication
for all r, s ∈ S and g, h ∈ G. This product is associative as α is a two-cocycle. We say α is a coboundary if there is some function β :
The set of two-cocycles modulo coboundaries forms an abelian group under pointwise multiplication. The crossed product algebras S# α G and S# α ′ G are isomorphic if α ′ = αβ for some coboundary β (that is α and α ′ are cohomologous). We will abbreviate the element r ⊗ g of S# α G by rg. We will assume that α is normalized so that α(1, g) = α(g, 1) = 1 for all g ∈ G. Thus 1 is the multiplicative identity of S# α G, and it also follows from this and (2.1) that α(g, g
The action of G on S extends to an inner action on S# α G, with g(a) = ga(g) −1 for all g ∈ G, a ∈ S# α G, where (g)
for all a, b ∈ A, where ab denotes the product in A and the
for all a, b, c ∈ A, as well as further conditions on the µ i , i ≥ 1. Thus a Hochschild two-cocycle µ 1 is the first step towards a formal deformation, and it is called the infinitesimal of the deformation. In general it is difficult to determine whether a given µ 1 lifts to a formal deformation of A. Obstructions to doing so lie in the third Hochschild cohomology group of A. For details on deformations of algebras, see [5] .
One way in which to obtain a formal deformation of A is through the action of a bialgebra on A. A bialgebra over C is an associative C-algebra B with C-algebra maps ∆ : B → B ⊗ B and ε :
We will use summation notation for the image of ∆, that is write
where the subscripts are merely place-holders. A Hopf algebra is a bialgebra H with a C-linear map S :
For details on bialgebras and Hopf algebras, see [13] .
A universal deformation formula (or UDF) based on a bialgebra B is an element
Suppose A is a C-algebra which is also a left B-module. Then A is a left B-module algebra if
for all a, b ∈ A and h ∈ B. This may be extended to a C Proposition 2.5 (Giaquinto-Zhang). Let B be a bialgebra, A a left B-module algebra, and F a universal deformation formula based on B. There is a formal deformation of A given by a
We will need the following notation. Let q ∈ C × . For every integer i ≥ 1, let
for any two integers k ≥ i ≥ 0. The well-known q-binomial formula states that
in any C-algebra in which y, z are elements such that zy = qyz.
Let S = C[x 1 , . . . , x n ] and q ∈ C × . As in [9, Exer. IV.9.4], define the linear maps q-differentiation δ i,q : S → S by
If q = 1, these are the usual partial differentiation operators. If q is an ℓth root of unity, then δ ℓ i,q = 0 as (k) q = 0 whenever k is a multiple of ℓ. In general, δ i,q is a skew derivation on S, specifically
for all r, s ∈ S, where τ i,q is the automorphism of S defined by τ i,q (x
n . Under some conditions, these skew derivations may be extended to a crossed product of S with a group of linear automorphisms, as we will see.
Hopf algebras encoding deformations
Let G be a group with a representation on a C-vector space V of dimension n, so that G acts by automorphisms on the symmetric algebra S(V ). We will identify S(V ) with polynomials in the variables x 1 , . . . , x n . In this section, we will be interested in formal deformations of a crossed product S(V )# α G for which the infinitesimal µ 1 satisfies µ 1 (V ⊗ V ) ⊂ S(V )g for some g ∈ G. Not all elements g ∈ G correspond to such nontrivial infinitesimals µ 1 . In case G is finite, a computation of Hochschild cohomology such as in [7] (see (6.2) and the formula before (6.4)) shows that such an element g must have determinant 1 as an operator on V , and codim(V g ) = 0 or 2, where V g = {v ∈ V | g(v) = v}, the subspace of V invariant under g. In this section, we will assume g is an element of G satisfying these two conditions, and in addition that g is central in G. We will not need any results on Hochschild cohomology in this paper, so we simply refer the interested reader to the literature for these connections. Again if the order of g is finite, g acts diagonally with respect to some basis of V , and without loss of generality this is x 1 , . . . , x n . Specifically, we will assume that
for some q ∈ C × . In order to include some infinite groups, we will not assume that q is a root of unity. To obtain our explicit formulas, we will further need to make a more restrictive assumption:
G preserves the subspaces Cx 1 , Cx 2 of V.
If q = ±1, this is automatically the case by the assumed centrality of g. Under the assumption (3.2), we may abuse notation and define the functions
, h ∈ G} as follows:
where s ∈ C[x 3 , . . . , x n ] satisfies
for all h ∈ G, that is s is a skew invariant of G. (Again our condition on the polynomial s is informed by knowledge of Hochschild cohomology.) Calculations using (3.1)-(3.6) and centrality of g show that σ is an automorphism and D 1 , D 2 are skew derivations with respect to σ, specifically
. This is also a consequence of Theorem 3.10 below on deformations, or more immediately of the following lemma (which is easily proved by direct computation). Taking D 1 , D 2 to be the skew derivations defined in (3.3), (3.4), the corresponding Hochschild two-cocycle µ 1 takes V ⊗ V to S(V )g, the g-component of S(V )# α G. If g were not central in G, an associated Hochschild two-cocycle would necessarily involve all components of S(V )# α G corresponding to the conjugacy class of g [1, 7] . We do not know if the explicit formulas of this section can be generalized to noncentral g.
We will use the functions given by (3.3)-(3.5) to define a Hopf algebra H q for which S(V )# α G is an H q -module algebra. First let
Then H is a Hopf algebra with ε(
; the relations are straightforward to check. If q = 1 or is not a root of unity, let H q = H. If q is a primitive ℓth root of unity for some ℓ ≥ 2, let m be the order of σ as an automorphism. The ideal I generated by D whenever 1 ≤ i ≤ ℓ − 1. Let H q = H/I, also a Hopf algebra. Thus H q may be finite or infinite, depending on the relevant properties of the action of G on V .
Theorem 3.8. Let g be a central element of G such that (3.1) and (3.2) hold. Then S(V )# α G is an H q -module algebra under the action defined in (3.3)-(3.5).
Proof. The relations among the generators in H q may be checked to be preserved under the action, so that S(V )# α G is an H q -module. In particular, in case q is a primitive ℓth root of unity, D We will need the following lemma to obtain a universal deformation formula based on H q . If q = 1 or is not a root of unity, we define the q-exponential function by
for any element y of a C-algebra in which this sum is defined. In the proof of Theorem 3.10 below, the C-algebra will be (
]. If q = 1 is a root of unity, this formula makes no sense as some denominators will be zero. We modify the formula as follows in this case. Suppose q is a primitive ℓth root of unity for ℓ ≥ 2. Then we define
for any element y of a C-algebra.
Lemma 3.9. Suppose ℓ ≥ 2, q is a primitive ℓth root of unity, and y, z are elements of a C-algebra such that zy = qyz and
Proof. By the assumed relations and the q-binomial formula, each side of the desired equation may be written in the form
and thus they are equal.
We note that if q is not a primitive root of 1, it is a standard result that exp q (y + z) = exp q (y) exp q (z) whenever zy = qyz and the relevant sums are defined (see for example [9, Prop. IV.2.4]). In the root of unity case, the additional hypothesis stated in the above lemma is required. Theorem 3.10. Let q ∈ C × and H q the Hopf algebra defined above. Then exp q (tD 1 ⊗ D 2 ) is a universal deformation formula based on H q .
Proof. In case q is not a root of unity, this is an unpublished result of Giaquinto and Zhang. Their proof may be adapted to the case q is a root of unity by using Lemma 3.9 as follows. (The proof in case q is not a root of unity is then essentially the same.) Note that the hypotheses of the Lemma 3.9 hold for the pairs 
The remaining relation in (2.3) holds as ε(
is a universal deformation formula.
We point out that if g = 1 then exp q (tD 1 ⊗ D 2 ) restricts to a classical formula on S(V ), namely
where s ∈ C[x 3 , . . . , x n ] satisfies h(s) = x 1 (h)x 2 (h)s for all h ∈ G. Taking G to be the identity group, n = 2, and s = 1, this formula applied to C[x 1 , x 2 ] yields the Weyl algebra on two generators. Combining Proposition 2.5 and Theorems 3.8 and 3.10, we have the following corollary.
Corollary 3.11. Let g be a central element of G such that (3.1) and (3.2) hold. Then exp q (tD 1 ⊗ D 2 ) yields a formal deformation of S(V )# α G.
This formula and deformation were obtained in [1, §6] in the special case G = Z/2Z × Z/2Z and V = C 3 with a particular diagonal action of G.
We now introduce particular (twisted) graded Hecke algebras, and explain how they arise as some of the deformations described in this section. Let G be a finite subgroup of GL(V ), and g ∈ G a central element satisfying (3.1) and (3.2). Suppose s = 1 satisfies (3.6), that is 1 = x 1 (h)x 2 (h)α(g, h)α −1 (h, g) for all h ∈ G. We may rewrite this condition as det(h| (V g 
is a bilinear form on S(V )# α G of degree −2, where S(V )# α G is a graded algebra in which elements of V have degree 1 and elements of G have degree 0. More generally, in the formula exp q (tD 1 ⊗ D 2 ), the bilinear form
2 ) has degree −2i. By [15, Thm 3.2] , the resulting formal deformation of S(V )# α G becomes a (twisted) graded Hecke algebra [15] when the scalars are restricted to C [t] . In this case, that means the associated deformation of
the quotient by the ideal generated by all elements of that form for v, w ∈ V , where a g (v, w) = µ 1 (v, w) − µ 1 (w, v). This (twisted) graded Hecke algebra is special in that only one such function a g is nonzero. In the next section, we give some examples for which there is an analogous deformation with more than one group element g having a g nonzero.
We end this section with another example of an algebra to which the universal deformation formula of Theorem 3.10 applies.
Example 3.12. Let A be the algebra defined by generators and relations as follows, where the indices are read modulo 2:
This may be considered to be an algebra defined by a quiver and relations as in [2, Thm. 5.1(b)]. It is isomorphic to the Taft algebra
, Cibils gave deformations of more general classes of algebras defined by quivers and relations, and in this special case his deformation may be obtained by applying a universal deformation formula. Specifically, let q = −1 and
It may be checked that the relations of H −1 are preserved on the generators of A, making the vector space V = Span C {s 0 , s 1 , γ 0 , γ 1 } into an H −1 -module. Therefore the tensor algebra T (V ) is an H −1 -module algebra, where the action of H −1 is defined by (2.4). As A is a quotient of T (V ), it remains to check that the relations of A are preserved by the generators of H, a straightforward computation. It follows from Theorem 3.10 that exp −1 (tD 1 ⊗ D 2 ) = 1 + tD 1 ⊗ D 2 yields a formal deformation of A. The deformation is
which is precisely that given in [2, Thm. 5.1(b)]. We do not know whether any of Cibils' other deformations are given by universal deformation formulas.
Universal Deformations
In this section we return to deformations of S(V )# α G. We give examples for which some of the universal deformation formulas from the last section, corresponding to different group elements, may be combined into larger formulas. The first example generalizes [1, Lemma 6.2].
Example 4.1. Let n ≥ 3 and ℓ ≥ 2 be integers, q a primitive ℓth root of unity, G = (Z/ℓZ) n−1 and V = C n . Identify G with the subgroup of SL(V ) generated by the diagonal matrices
with respect to a basis x 1 , . . . , x n of V . Let g n = g
It may be checked directly that α satisfies the two-cocycle condition (2.1). Note that α is not a coboundary: By their definition, two-coboundaries for abelian groups are symmetric, but α is clearly not symmetric. In case n = 3, ℓ = 2, α is cohomologous to the nontrivial cocycle given in [1, Example 3.4] , as in that case there is a unique nontrivial two-cocycle up to coboundary. Note that
(where g n+1 = g 1 by definition). Direct calculations also show that
for all h ∈ G (where x n+1 = x 1 by definition). Let H i = H q be the Hopf algebra corresponding to g i (1 ≤ i ≤ n) defined in the previous section, acting on S(V )# α G via the formulas (3.3)-(3.5), where we replace x 1 , x 2 by x i , x i+1 . Applying (3.6) and (4.3), it may be checked that the polynomial s arising in the action of H i must be in S(
, where if i = n we leave out x 1 and x n . Using this fact, equation (4.2), and the identity (i + ℓ) q −1 = (i) q −1 for all integers i, it may be checked directly that the images of the
Thus there is a corresponding algebra homomorphism from the Hopf algebra H 1 ⊗ · · · ⊗ H n to End C (S(V )# α G), and S(V )# α G is a module algebra for H 1 ⊗ · · · ⊗ H n . A product of universal deformation formulas is again a universal deformation formula, based on the tensor product of the bialgebras. Thus by Theorem 3.10,
2 ) (where superscripts indicate the Hopf subalgebra from which the operators originate) is a universal deformation formula based on H 1 ⊗ · · · ⊗ H n . By Proposition 2.5, this formula applies to yield a formal deformation of S(V )# α G.
In case s = 1, restricting this deformation to one over C[t] results in the twisted graded Hecke algebra
The scalar coefficients of the a g i may be varied independently to obtain a vector space of dimension n parametrizing the possible twisted graded Hecke algebras realizable by the formula (4.4) and scalar modifications. It is shown in [15, Example 2.16 ] that these are in fact all the twisted graded Hecke algebras for this choice of G and α in case ℓ = 2.
In case ℓ = 2 and n = 3, the elements g 1 , g 2 , g 3 are precisely the nonidentity elements of G. The formal deformation of S(V )# α G arising from the formula (4.4) is essentially the universal deformation, as is justified by considering the Hochschild cohomology of S(V )# α G (see [1, Example 4.7] ). That is, every Hochschild twococycle µ 1 with image in S(V )# α (G − {1}) is an infinitesimal of the formal deformation resulting from (4.4) with appropriate choices of the polynomials s in (3.4). (Classical deformations corresponding to the choice g = 1 involve derivations that do not commute with the actions of the H i , and so we do not include these in the formula.) If n > 3 or ℓ > 2, there are nonidentity group elements other than g 1 , . . . , g n , and the actions of the corresponding Hopf algebras may no longer commute (but see the next example below). If α is not taken to be the cocycle we have chosen, the images of the H i in End C (S(V )# α G) again may no longer commute, and we do not know whether there is a universal deformation formula more complicated than (4.4) involving these operators. Example 4.5. Let G be a group acting on a vector space V of dimension n, g a central element of G, and assume (3.1) and (3.2) hold with q a primitive ℓth root of unity, ℓ > 2. Thus g corresponds to diag(q, q −1 , 1, . . . , 1) and g −1 corresponds to diag(q −1 , q, 1, . . . , 1). Assume further that α(g, g −1 ) = α(g −1 , g), as is true in the last example for g = g 1 . (In case G is finite, this assumption imposes no loss of generality, as any two-cocyle is cohomologous to one satisfying this assumption [8, Thm. 3.6.2] ). Consider the images of H q and H q −1 in End C (S(V )# α G), where we let D involve qdifferentiation with respect to x 2 in (3.3) and (3.4). Multiplying and dividing the left side of the equation below by q i−2 q i−1 yields the right side:
Using this identity and the assumption α(g, g −1 ) = α(g −1 , g), we find that the following relations hold in End C (S(V )# α G) among the images of the generators of H q and H q −1 :
2 ) is a universal deformation formula. The key idea is to move factors corresponding to g −1 past factors corresponding to g, so that the proof of Theorem 3.10 may be applied separately for each of g, g −1 . The relations above imply that indeed the appropriate factors commute. In case G = Z/3Z, this formula will essentially result in a universal deformation (again having infinitesimal with image in S(V )# α (G − {1})).
We end with a construction due to Kharchenko [10, §6.5.5] of a Hopf algebra of automorphisms and skew derivations of an algebra, as applied to S(V )# α G. Each Hopf algebra considered in this note is a quotient of one of Kharchenko's Hopf algebras, and it may be useful to consider his more general construction in questions regarding deformations of algebras.
Let K be a subgroup of Aut C (S(V )# α G), for example K = σ in (3.5), K = σ g 1 , . . . , σ gn in Example 4.1, or K = σ g , σ g −1 in Example 4.5. For each k ∈ K, let L k be a vector subspace of End C (S(V )# α G) consisting of 1, k-skew derivations of S(V )# α G. Let L = ⊕ k∈K L k , and assume K acts on L in such a way that m(L k ) = L mkm −1 for all k, m ∈ K. Thus K acts by automorphisms on the tensor algebra T (L), and we let H = T (L)#K. The coproducts ∆(k) = k ⊗ k and ∆(D) = D ⊗ 1 + k ⊗ D for all k ∈ K and D ∈ L k extend, by requiring ∆ to be an algebra homomorphism, to a coproduct ∆ on H. Similarly, the counit ε and antipode S defined as follows on generators extend to H: ε(k) = 1, ε(D) = 0, S(k) = k −1 and S(D) = −k −1 D for all k ∈ K and D ∈ L k . Thus H is a Hopf algebra. The Hopf algebras considered in this paper are all quotients of such an H. See [11] for further details on these Hopf algebras.
